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Abstract—Selecting the best algorithm for a given optimiza-
tion problem is non-trivial due to large number of existing
algorithms and high complexity of problems. A possible way
to tackle this challenge is to attempt to understand the problem
complexity. Fitness Landscape Analysis (FLA) metrics are widely
used techniques to extract characteristics from problems. Based
on the extracted characteristics, machine learning methods are
employed to select the optimal algorithm for a given problem.
Therefore, the accuracy of the algorithm selection framework
heavily relies on the choice of FLA metrics. Although researchers
have paid great attention to designing FLA metrics to quantify
the problem characteristics, there is still no agreement on which
combination of FLA metrics should be employed. In this paper,
we present some well-performed FLA metrics, discuss their
contributions and limitations in detail, and map each FLA metric
to the captured problem characteristics. Moreover, computational
complexity of each FLA metric is carefully analysed. We propose
two criteria to follow when selecting FLA metrics. We hope our
work can help researchers identify the best combination of FLA
metrics.
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I. INTRODUCTION

Algorithm Selection Problem (ASP), first defined by Rice

[1], is to identify the most efficient algorithm for a given

computational task. Due to large number of algorithms and

high complexity of problems, algorithm selection is non-

trivial. A possible way to tackle this challenge is to attempt to

understand the problem complexity. Fitness landscape analysis

(FLA) is a widely used technique to investigate the character-

istics of problems.

The original idea of fitness landscape dates back to Wright

in 1932 [2] while a widely accepted formal definition is given

by Stadler [3], which consists of three parts:

• a solution space X,

• a definition of distance d,

• a fitness function f : X → R.

For combinatorial optimization problems, candidate solutions

are encoded before calculating the distance between them.

There are many definition of distances, each of which results in

a different fitness landscape. Therefore, the fitness landscapes

can be regarded as a set of two functions f and d [4]:

F = (X, f, d). (1)

The aim of a global optimization problem is to find the

optimal solution in the search space. Without loss of generality,

we assume minimization problems in this paper. When both

the solution space and the fitness value space are real numbers,

it becomes a continuous optimization problem. The definition

of continuous optimization problems is

x = argmin f(x) (2)

where x and f(x) are real numbers. For continuous optimiza-

tion problems, euclidean distance is often employed as the

distance metric. In that case, the fitness landscapes can be

regarded as a function of f .

The main difference between continuous and combinatorial

optimization problems is that continuous optimization prob-

lems have an infinite number of candidate solutions, while

combinatorial optimization problems have a finite number

of candidate solutions. Therefore, the search space of con-

tinuous optimization problems is much larger than that of

combinatorial optimization problems, which makes continuous

optimization problems much harder to solve.

In the last twenty years, a number of FLA metrics have been

proposed (see survey papers in FLA [4] [5] [6]). However,

there is little research on the selection of FLA metrics. In

this paper, we summarize important problem characteristics

and investigate how these characteristics contribute to problem

difficulty in Section II. In Section III, a number of well-

performed FLA metrics for continuous optimization problems

are discussed. We show in detail how these metrics work,

discuss their contributions and limitations, and map FLA

metrics to problem characteristics they captured. Moreover,

the computational complexity of each FLA metric is analysed.

We propose two criteria when selecting the best combination

of FLA metrics. In Section IV, we present three benchmark

suites, and discuss how these benchmark functions can be

employed to compare the performances of FLA metrics.

Finally, we conclude the paper and show future directions.

II. PROBLEM CHARACTERISTICS

What makes a problem difficulty to solve? To answer this

question, we summarize in this section the problem character-

istics which are related to problem difficulty, and explain how

these characteristics contribute to problem difficulty.



A. Modality

A local optimum is a solution where its fitness value is

smaller than or equal to all its neighborhoods’: f(x∗) ≤ f(x),
where x ∈ N(x∗) and N(x) is the neighborhood of x∗.

When the fitness value of an optimum is less than or equal

to the fitness values of all the solutions in the search space,

it becomes a global optimum: f(x∗) ≤ f(x), where x ∈ X
[7]. Functions can be classified as unimodal or multi-modal

according to the number of optima in the landscapes.

Intuitively, search algorithms may get stuck into local op-

tima, for there is no information guiding the search out of local

optima. Therefore, the number and distribution of local optima

are important landscape features. Garnier and Kallel proposed

a sampling and probability method to estimate the number and

distribution of local optima [8], based on the assumption that

each candidate solution in the search space belongs to a basin

of an optimum, which is not always the case in real world

problems.

Some researches argued that multi-modal problems are less

difficult than unimodal problems in some cases [9]. This may

due to the fact that there are other characteristics, for example,

the size and shape of basins [10], that are also related to

problem difficulty. We should take into consideration all the

features when discussing problem difficulty.

B. Basins of Attraction

Basins of attraction refer to the search regions leading

directly to the local optima during a local search. It is defined

as B(x) = {x : μ(x) = xo}, where x are candidate solutions,

xo is a local optimum, and μ represents a local search. An

optimum is more likely to be found by a local search algorithm

if it has a larger basin of attraction. The number of basins

of attraction as well as the size and the shape of the basins

of attraction are important landscape features [10]. Actually,

the number of basins of attraction is equal to the number of

local optima, and the size of basins of attraction is related

to ruggedness as well as smoothness, in the way that larger

basins of attraction tends to have smoother landscapes.

C. Ruggedness, Smoothness and Neutrality

Landscapes can be classified into three categories according

to the fitness changes in neighborhoods, namely rugged,

smooth and neutral landscapes. Landscapes with high fit-

ness changes in neighborhoods are called rugged landscape,

with small fitness changes in neighborhoods called smooth

landscapes, and with equal or nearly equal fitness values in

the neighborhoods called neutral landscapes. Ruggedness and

smoothness for a particular problem may range widely for

different encoding strategies and different distance measures,

while neutrality is independent with them.

Ruggedness and smoothness are related to the modality and

basins of attraction. High rugged landscapes tend to have high

modality, while smooth landscapes are likely to have large

basins of attraction. Intuitively, rugged landscapes are more

difficult than smooth landscapes for a local search to locate

at the global optimum. In the landscapes with high neutrality,

the performances of all algorithms are approximately the same

with random search, for there is no guiding information to

navigate the search. That may be the reason why adding

neutrality to deceptive landscapes decreases problem difficulty,

while adding neutrality to straightforward landscapes may

increase problem difficulty [11].

D. Dimensionality

Dimensionality refers to the number of decision variables

in the search space. As the dimensionality grows, the search

space increases intensively. The optimization problem is called

large-scale when the number of dimensions is significantly

large. The number of decision variables is a factor to problem

difficulty [12]. The performances of evolutionary algorithms

deteriorate as the dimensionality increases [13], which is due

to the curse of dimensionality. The distance metrics become

less meaningful when dimensionality increases significantly.

Cooperative coevolutionary algorithms can solve large-scale

optimization problems efficiently by decomposing a problem

into sub-problems and dealing with them separably [13], [14].

E. Separability

Separability is related to epistasis [15]. A problem is sep-

arable if there is no interactions between decision variables,

otherwise, it is non-separable. Therefore, a separable problem

can be divided into d subproblems, where d is the number of

decision variables. The mathematical definition of separable

problems is given by: a function f is separable if

arg min
(x1,...,xd)

f(x) = (argmin
x1

f(x), . . . , argmin
xd

f(x)). (3)

It is computationally less intensive for a cooperative co-

evolution algorithm to solve separable problems comparing

with non-separable problems [16]. Covariance Matrix Adap-

tation - Evolutionary Strategy (CMA-ES) performs well on

non-separable problems, for it takes variable interaction into

consideration [17].

F. Evolvability and Deception

Evolvability refers to the ability of a candidate solution

to find a better solution during the search. Deception refers

to the information that guides the search away from the

global optimum. Evolvability and deception are algorithm

dependent. A landscape with high evolvability or deception

for a given algorithm is not necessary deceptive to other

algorithms. Evolvability and deceptions technically are not

landscape features. They reflect the performances of algo-

rithms on landscapes.

III. FITNESS LANDSCAPE ANALYSIS METRICS

FLA is a widely used technique to extract characteristics

from problems. The choice of FLA metrics is of vital impor-

tance to the accuracy of ASP. Ideally, the selected FLA metrics

should capture all the important problem characteristics. Com-

putational complexity is another consideration when selecting

FLA metrics, for the computational cost of calculating these



metrics should be less than 10 percent of the total computa-

tional cost of solving the problems [18]. In the last twenty

years, a number of FLA metrics have been proposed, most

of which were first proposed for combinatorial optimization

problems, and some of them were modified for continuous

optimization problems later on. In this section, we discuss

some well performed FLA metrics for continuous optimization

problems in detail, point out the problem characteristics they

capture and analyse their computational complexity.

A. Fitness Distance Correlation

Fitness Distance Correlation (FDC) is a well known and

widely used metric [19], [20], which was first proposed by

Jones et al. [21] to study GA performance:

FDC =
Cfd

SfSd
(4)

where Cfd = 1
n

∑n
i=1(fi − f̃)(di − d̃), sf sd, f̃ , d̃ are

standard deviations and means of f , d, and f is the fitness

value, d is the distance between the candidate solution and

the global optimum. In fact, FDC is the correlation between

f and d. If FDC > 0, the fitness value decreases as the

algorithm approaches the global minimum. On the other hand,

if FDC < 0, the fitness value increases when the algorithm

approaches the global minimum, which misleads the search

away from the global minimum. Therefore, FDC perfectly

reflects the global structure, evolvability and deception. How-

ever, the implementation of FDC requires the knowledge of

the global optimum, which makes FDC less useful. Moreover,

it has been shown that different fitness landscapes have very

similar fitness distance correlation [22], which may due to the

fact of biased samples. The computational complexity of FDC

is O(n), where n is the sample size.

B. The Distribution of Fitness Values

The distribution of fitness values, p(y), first proposed by

Rose et al. [23], is the probability density function of fitness

values. It can be used to approximate the optimal solution by

letting p(y) = 0. Rose et al. pointed out that the distribution

of fitness values can be used as a classification method, in

the way that a problem with high decay p(y) should be hard

to solve, for that the probability of finding a better solution

decays very fast as well [23]. In our opinion, it may be true

for random search, however, for most algorithms, it is not the

case. The problems with fast decay fitness distribution only

means that the number of high fitness values are small, but

not necessarily hard to find.

The skewness, kurtosis and the number of peaks are three

important properties of distributions employed to characterize

problems [24]. The kurtosis reflects the sharpness of the

distribution of fitness values, therefore, it may refers to rugged-

ness, smoothness and neutrality. The skewness refers to the

symmetry of the distribution of fitness values, and the number

of peaks refers to modality of landscapes. The computational

complexity of skewness and kurtosis are both O(n), while

the complexity of number of peaks is O(mn), where m is

the number of segments y divided when approximating the

distribution. The main limitation of the distribution metrics is

that it does not capture the locations of candidate solutions.

C. Length Scale

Length Scale (LS) measures the ratio of changes in the

fitness values to steps between candidate solutions in the

search space [25]:

LS =
|f(x1)− f(x2)|

‖x1 − x2‖ (5)

where x1, x2 are candidate solutions in search space, and

f(x1), f(x2) are corresponding fitness values. In fact, LS is

approximately equal to the derivative of fitness function when

x1 and x2 are very close to each other: limδx→0 r = f ′(x).
Therefore, LS reflects ruggedness, smoothness and neutrality.

If the object is to calculate LS of each pair of candidate

solutions, the computational complexity is O(n2).
In fact, the distribution of fitness values can be calculated in

use of the derivative of fitness functions as long as the fitness

function is continuous:

p(y) =
∑
xi

p(x)

f ′(x)
, f ′(x) �= 0 (6)

where p(x) is the probability density function of candidate

solutions, and f ′(x) is the derivative. It maybe an indication

of relationships between the distribution of fitness values and

length scale. Instead of studying the ratio between δy and δx,

we can investigate the conditional probability p(δy/δx), which

may be a good FLA metric.

D. Fitness Cloud and Negative Slope Coefficient

Fitness Cloud (FC) is the graph of fitness values of parents

verses fitness values of offspring for an evolutionary algorithm

[26]. It can be used to visualize the search space and charac-

terize the set of local optima [27]. In the region under the line:

y = x, the fitness value of offspring is smaller than the fitness

value of parent, which means the fitness value is improved.

Therefore, the graph with large region under y = x reflects

an easy landscape. The computational complexity of FC is

O(qn), where q is the number of offspring of each parent.

Negative Slope Coefficient (NSC) is a quantified FLA

metric based on FC [28]. Firstly, partition x axis of FC into

m segments. Secondly, calculate the average fitness values

of parents in each partition, denoted by Mi, and the corre-

sponding average fitness values of offspring, denoted by Ni,

where 1 ≤ i ≤ m. Thirdly, calculate the slopes between two

sequential partitions, denoted by ki, where 1 ≤ i ≤ m− 1:

ki =
Ni+1 −Ni

Mi+1 −Mi
. (7)

Finally, calculate NSC:

NSC =

m−1∑
i=1

min(pi, 0). (8)



Actually, NSC is the summation of negative slopes in the

partitioned FC. A negative slope means that an improvement in

the fitness values of parents will result in worse fitness values

of offspring, which makes the problem misleading. Therefore,

NSC and FC refers to evolvability and deception of landscapes.

The computational complexity of NSC is O(max{qn,mn}).
The main limitation of NSC is that it can not be used to

compare different problems, for NSC is not normalized to a

given range. Besides, the number of segments in which FC

is partitioned and their size are chosen arbitrarily. Although

Vanneschi et al. further investigated the limitations of NSC and

made some modifications [29], none normalization technique

has been found. Poli et al. [30] further modified NSC, namely

fitness-proportional NSC, which created fitness clouds using

fitness proportional selection.

E. Dispersion Metrics

Dispersion Metrics (DM) measures the average distance

between pairs of high quality solutions [31]:

DISPα% =
1

(αn)(αn− 1)

αn−1∑
i=1

αn∑
j=i+1

||xi − xj || (9)

where α represents top α% population is chosen. Therefore the

computational complexity of DM is O(αn2). If the dispersion

increases when the samples are restricted to better regions of

the search space, the landscape has a weak global structure,

and the problem is difficult to solve. Therefore, DM reflects

global structure, evolvability and deception. DM demonstrated

why CMA-ES algorithm is ineffective in multimodal problems

[31]. The limitation of dispersion metrics is that it converges

to 1√
6

when dimensionality increases significantly [32].

F. Information Characteristics Analysis

Information Characteristics Analysis (ICA) was first pro-

posed by Vassilev et al. to explore the characteristics of fitness

landscapes [33]. It assumes statistically isotropic landscapes,

which is not always correct. A random walk is performed to

obtain a sequence of fitness values {f(xi)}, where 0 ≤ i ≤ n.

Then, a string S(ε) = s1s2 . . . sn is calculated according to

the following principle:

Si(ε) =

⎧⎪⎨
⎪⎩

−1, if f(xi)− f(xi−1) < −ε

0, if |f(xi)− f(xi−1)|≤ ε

1, if f(xi)− f(xi−1) > ε

(10)

where ε is a parameter. If ε is small, Si(ε) is sensitive

to the change of fitness values. Three FLA metrics namely

Information Content (IC), Partial Information Content (PIC)

and Information Stability (IS) are proposed to gain insights

into the structure of fitness landscapes.

• IC refers to information entropy, which is defined as

H(ε) = −
∑
p �=q

Pr[pq]log6Pr[pq] (11)

where Pr[pq] is the frequency of the sequence [pq]
occurred in the whole string Si(ε). The computational

complexity of IC is O(n). IC measures the number

of sequential fitness values which are different for the

given parameter ε. Therefore, It refers to the ruggedness,

smoothness and neutrality of the landscapes.

• PIC refers to the modality of the fitness landscapes.

Removing all the 0s and the symbols which are equal

to the preceding one from the stringSi(ε),we obtain a

new string S′(ε). PIC is defined as

M(ε) =
μ

n
(12)

where μ is the length of the string S′(ε). Therefore, the

computational complexity of PIC is O(n). PIC reflects

the change of slopes in the random walk, which implies

local optima in the landscape. The number of local optima

is approximately equal to
M(ε)n

2 .

• IS is the range of two sequential fitness values during the

random walk. It can be defined by:

ε∗ = min{ε, Si(ε) = 0}. (13)

High rugged landscapes tend to have large IS, while the

IS for smooth landscape is small. Therefore, IS captures

ruggedness, smoothness and neutrality of landscapes.

If the number of candidate ε is e, the computational

complexity of IS is O(en).

ICA was adapted for the continuous optimization domain

later on [34], [35]. Our previous work [18] pointed out two

limitations of ICA: firstly, it will increase the uncertainly

by ignoring the distance ρ; secondly, random walk may

generate biased samples, which breaks the assumption of

statistic isotropy. To address these limitations, we introduced

the distance Δx to the quantification rule:

Si(ε) =

⎧⎪⎪⎨
⎪⎪⎩

−1, if Δy
‖Δx‖ < −ε

0, if
∣∣∣ Δy
‖Δx‖

∣∣∣ ≤ ε

1, if Δy
‖δx‖ > ε

(14)

where Δy is the difference between yi+1 and yi, ‖Δx‖ is

the euclidean distance between xi+1 and xi. Besides, Latin

Hypercube Design (LHD) sampling method was implemented

to remove the sampling bias.

In summary, we have discussed in detail a number of well-

performed FLA metrics. As shown in Table I, the problem

characteristics captured by each FLA metric are different. We

investigate how these FLA metrics capture certain problem

characteristics, and analyse the computational complexity of

each FLA metric. When selecting the combination of FLA

metrics, two criteria should be followed. Firstly, the chosen

metrics should capture all the problem characteristics pre-

sented in Section II. Secondly, the total computational cost

should be minimal. Following these rules, it is possible to

identify the best combination of FLA metrics.

IV. BENCHMARK FUNCTIONS

When a new FLA metric is proposed, benchmark functions

are employed to compare the performance with others. We



TABLE I: COMPARISON OF FLA METRICS REGARD-

ING RELATED PROBLEM CHARACTERISTICS AND COMPUTA-

TIONAL COMPLEXITY.

FLA metrics Related problem characteristics Computational complexity

Number of decision variables Dimensionality O(1)

Fitness distance correlation Evolvability, Deception O(n)

The number of peaks in fitness distribution Modality O(mn)

The skewness of fitness distribution Symmetry O(n)

The kurtosis of fitness distribution Ruggedness, Smoothness, Neutrality O(n)

Length scale Ruggedness, Smoothness, Neutrality O(n2)

Fitness cloud Evolvability, Deception O(kn)

Negative slope coefficient Evolvability, Deception O(max{qn,mn})
Dispersion metric Evolvability, Deception O(αn2)

Information content Ruggedness, Smoothness, Neutrality O(n)

Partial information content Modality O(n)

Information stability Ruggedness, Smoothness, Neutrality O(en)

present in this section three benchmark suites, discuss the main

characteristics of the benchmark problems, and show the way

in which these benchmark suites can be used in FLA.

A. Comparison Continuous Optimizer

COmparison Continuous Optimizer (COCO) is a platform

for comparison of real-parameter global optimizer. It has

been used for the Black-Box Optimization Benchmarking

(BBOB) workshop during GECCO from 2009 to 2013. It

provides 24 noiseless functions [36], which were classified

into 5 groups: separable function (f1 to f5), functions with

low and moderate conditioning (f6 to f9), functions with

high conditioning and unimodal (f10 to f14), multi-modal

functions with adequate global structure (f15 to f19), multi-

modal function with weak global structure (f20 to f24). The

COCO benchmarking suite is widely used for comparison of

the performances of algorithms [37]. The COCO benchmark

suite has also been successfully employed to compare the

performances of FLA metrics [18], [25].

B. CEC’2013 Special Session on Large Scale Global Opti-
mization

Benchmark functions for the CEC’2013 special session

on large scale global optimization are designed to compare

the performances of various large-scale global optimization

algorithms [38]. The benchmark suite consists of 15 functions,

which are classified into 4 groups: fully-separable functions

(f1 to f3), partially additively separable functions (f4 to f11),

overlapping functions (f12 to f14), and fully non-separable

functions (f15).

The benchmark suite has been widely used to investigate

the performance of global optimization algorithms on large

scale problems [39]. However, it hasn’t been used to evaluate

FLA metrics. For the variable interactions of the benchmark

functions are already known, we can employ the benchmark

suite to investigate performance of the newly proposed FLA

metrics regarding separability.

C. CEC’2013 Special Session on Niching Methods for Multi-
modal Function Optimzation

The benchmark suite for CEC’2013 special session on nich-

ing methods for multi-modal function optimization consists

of 20 functions [40]. It has been employed to compare the

performances of niching algorithms [41]. Researchers can also

use this benchmark suite to investigate the performance of

FLA metrics regarding modality.

V. CONCLUSION AND FUTURE WORK

A. Conclusion

In this paper, we bring together problem characteristics,

FLA metrics and benchmark functions used in the continuous

optimization domain. We present the most important problem

characteristics and discuss how these characteristics are related

to problem difficulties. We analyse some well-performed and

computationally less expensive metrics and discuss each of

them in detail. The contributions and limitations of each metric

have been carefully investigated. We map the FLA metrics

with problem characteristics and analyse the computational

complexity of each FLA metric. Two criteria are proposed

to follow when selecting the best FLA metrics. Finally, three

widely used benchmark suites have been presented and how

these benchmark suites can be employed in FLA has been

pointed out.

B. Future Work

One possible direction for future work is to apply the FLA

metrics on the BBOB suite and compare the performances of

each metric. The design of metrics, especially the computa-

tionally less intensive and well-performed metrics, should be

focused on. Moreover, more work needs to be done to adapt

the metrics, which were originally designed for combinatorial

optimization problems to the continuous optimization domain.

Finally, the limitations of the metrics we have discussed should

be addressed.
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